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Lammar Flow at a Three-Dimensional Stagnation Point
with Large Rates of Injection

Paul A. Libby*
University of California, San Diego, La Jolla, Calif.

Exact calculations of the titled flow are presenged and compared to the predictions of an asymptotic analysis
for large rates of injection. The inner layer of the boundary layer is found to involve outflow in both orthogonal
directions whether the external flow along the y axis is inward or outward. As a result, the flow at a nearly two-
dimensional stagnation point involves drastic changes as a weak outflow changes to a weak inflow. It is also
found that the velocity profiles in the two directions in the inner layer are quite different.

Nomenclature

=velocity gradient in x direction du,/dx
=velocity gradient in y direction dv,/dy
=b/a
=modified stream function f* (n) =u/u,
,u,w =velocity components in x-, y-, z-direction respec-
tively .
x,¥,z =cartesian coordinates
=static enthalpy ratio h/h,
=static enthalpy
=expansion parameter — (f(0) +cp(0)) !
=momentum thickness in the x-wise boundary layer
=momentum thickness in the y-wise boundary layer
=displacement thickness
=mass density
= coefficient of viscosity
= Prandtl number
=modified stream function ¢’ () =v/v,
=similarity variable, cf. Eq. (1)
=inner layer similarity variable
=outer layer similarity variable
=wall enthalpy parameter g **(0)
=coefficients in translational transformation, cf. Eq.
(14)
Subscripts

e =value in external stream
w =value at the surface
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Introduction

HE laminar boundary layer at a general, three-di-

mensional stagnation point has received the attention of
several investigators.!? Such layers are of fundamental in-
terest because the putative flows at two-dimensional and
axisymmetric stagnation points are only special cases of those
which arise if the velocity gradients in orthogonal directions in
the external stream are arbitrarily related. There is also ap-
plied interest in the heating rates which occur at these general
stagnation points in high speed flight.

We are concerned here with the boundary-layer charac-
teristics at three-dimensional stagnation points when large
rates of injection occur. It is known that under some con-
ditions, either of intense radiative heat transfer or of tran-
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spiration cooling, mass is injected into the boundary layer at
sufficiently high rates so as to alter significantly the features
of the flow from those usually expected. In particular, we
know#¢ that with high rates of injection the boundary layer
developes a structure consisting of a thin outer layer adjusting
the inner layer to the external flow, and of a relatively thick
inner layer wherein inertia and pressure forces are dominant
and shear forces negligible.

Libby and Kassoy® analyze an example of a three-
dimensional boundary layer subject to high rates of injection,
specifically that at a swept stagnation line of doubly-infinite
extent. In this case the chordwise and spanwise flows within
the inner layer respond differently. Accordingly, we consider
it of interest to study another three-dimensional case and to
learn how the boundary layer at a three dimensional
stagnation point is effected by large rates of injection.

After our study was nearly complete, Gersten’ published
results of an analysis of the laminar boundary layer at a three-
dimensional stagnation point with intense suction or in-
jection. With respect to injection, the only case considered
here, the general approaches followed here and by Gersten are
quite similar, but the emphasis and details differ and the
results are complementary. In particular, the outer solutions,
and the matching of the inner and outer solutions, are pre-
sented here so that a detailed discussion of the various profiles
can be given.

Generally we confine our attention to the more practical but
limited range of ¢, i.e., to 0<c¢=< /. It is known? that multiple
solutions prevail, and therefore that questions. of ob-
servability arise for c<0. However, the case — 1< <c<0 dif-
fers considerably from the case 0< c< <1 when the injection
is large; as a consequence we do comment on the effect of
small negative ¢, i.e., of a weak inflow along the y axis with
an outflow along the x axis. In addition, for the case c=—1,
the inner solutions can be obtained in closed form and are

" therefore given.

In studying these flows we follow the strategy of Libby and
Kassoy,® i.e., we carry out the numerical analysis for large
rates of injection and develop an approximate asymptotic
analysis which permits the numerical results to be extended to
indefinitely large rates of injection. The asympototic analysis,
although approximate, circumvents the difficulties in
numerical analysis which usually become progressively more
severe as the injection rate increases. Nachtshein and Green?8
have shown how a method based on integration in two direc-
tions from the dividing streamline may be employed to over-
come these difficulties.

Analysis
For the purposes of this study it is justified to make certain
simplifying assumptions concerning the description of the
transport and thermodynamic properties of the gas. Ac-
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cordingly, we follow closely Ref. 3 and assume we have a
“homogeneous gas with a mass density inversely proportional
to the static enthalpy pah™; a constant product of mass den-
sity and coefficient of viscosity pu=p.u.; and a constant
Prandtl number o. Further analysis removing these assump-
tions can be reaily performed by the strategy employed here.
We follow usual practice and carry out the analysis in terms of
a single independent variable 5 which is related to the physical
quantities according to

=(5) () »

With these assumptions the boundary layer is described by
the solution of the following set of coupled similarity
equations?

S )+ (f+eo)f” + (g=f7)=0 @
" () + (f+eple” +c(g—¢’'?)=0 3)
g" () +o(f+ce)g’ =0 @)

For clarity it is appropriate to relate here the quantities of
physical interest to the variables f, ¢, and g; the velocity com-
ponents are given by

u=axf' =u,f";

W= —(0,/p) (v,@) Va(f+co)

v=byp' =v,.0’;

while (p,/p) =(h/h,) =8.
The boundary conditions relative to u, v, and g are obvious;
we take

S (0)=¢"(0)=0, f'(o)=¢ (®)=g(x)=1]
g(0)=g,=v?, given

The conditions at n =0 relative to w require some comment.
In Eqgs. (1-3) fand ¢ appear only in the combination f+ce,
so that without loss of generality we could take ¢ =0 and let
f(0) establish the normal velocity as in Ref. 3. However, it will
be found convenient below in connection with our asymptotic
analysis for large rates of injection to specify only the sum
f(0)+cp(0), and to require that at some n=qm,,
Sf(ny)=¢(n,)=0. At the location corresponding to n=1,,
w=0; i.e., the stream surfaces branch and a stagnation point
within the boundary layer exists.

It is important to note that a solution corresponding
to f(0)=f,, ¢(0)=0 can be converted to one satisfying the
conditions we presently desire by adding constants « and 8 to
f and ¢ respectively, subject to the conditions a+ ¢8=0 and
f(np) +a=p(n,) +6=0.

Quantities of Technical Interest
From the numerical solutions of the above equations the
quantities of technical interest are the heat transfer related
directly to g’(0)=g’,, and the skin-friction coefficients
related to f” (0)=f1, ¢” (0)=¢;,. In addition certain integral
thicknesses which characterlze the integral properties of the
boundary layer are related directly to

a=ra=ran
4]

A= et t=e =y

= [Tlg— (0 +ee) (1+0) 11dn 6)
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Accordingly, the results of our numerical analysis will be
presented in terms of these quantities, of 5., and of the crucial
wall values required to reproduce the complete solutions with
a single integration; namely f(0), ¢(0), f” (0), ¢” (0), g’ (0).

Asympototic Analysis — Inner Solution

We develop next an approximate analysis for large —pw.
Consider a small parameter e= —[f(0) +co (0)]"!. The an-
ticipated development of a thick inner layer and relatively thin
outer layer as discussed earlier, suggests rescaling of the in-
dependent and dependent variables. After Libby and
Kassoy,® we let i=en, f=¢f, p=cp, §=g. In terms of these
new variables, Eqgs. (2-4) become without further ap-
proximation

Ef7 (@) + (f+ep)f* +(2—F?) =0 ©
" (@) + f+cp)i” +c(a—¢'7) =0 @
8" () +o(f+cp)g’ =0 ®

The boundary conditions are
f(G=0) +cp(7=0) = —
g({=0)=¢g,=7?, [ (fj~x)=p (f—»)=g(j—x)=],

and

Although these equations are exact, their main value lies in
their provision of a basis for systematic approximations
through a power series in e for e<1. Suppose f, &, &
are represented by such a series with the first terms denoted
by fo, @0, &5 then

Fo+c@o) f5(i) + (80—1f02) =0 ©
(fo+c@0) @4 () +c(go— &) =0 (10)
(fo+c@9) g6 (i) =0 (11

provided f, +¢@,#0. This condition defines the outer edge
of the inner layer identified by #=7,, and we seek solutions
for 0= =17,. Matching requirements necessitate that at this
edge fo(7o) =@y (7y) =0; these conditions have the con-
sequence that 7, is an approximation to y,, with errors of 0(1)
compared to e”. Inspection of these equations also suggest
that the case ¢=0 is special since @, (n) = 0; this case will be
treated later.

Egs. (9) and (10) with g,=+~7 are to be solved subject to the
conditions

So(0) +¢cpo(0)=—1, f5(0)=p,(0) =
Jo(io) =& (fig) =0 (12)

We now draw some consequences from Eqs. (9)-(12) prior
to their actual solution. First we note that the inner layer
solutions are mdependent of the Prandtl number. Next f7 (7
=0)=v%, @4(fi=0)=cy?. While we shall need a more
detailed consideration of the behaviour of f; o and @, near
f=1,, for immediate purposes we note that fj(f=1,) =7;
that for ¢>0, &’ (fj=1%y)=v; and that for c<0,
@' (=1g)=—7.

This Jast result_is a special case of the general feature
that  fy () =fo (75 —¢), @y (d;¢) =—F(7;—¢). The
physical implication of this behavior is as follows: for ¢>0
there is outflow from the stagnation point in all directions and
in both the inner and external flows; for ¢< 0 there is outflow
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throughout the inner layer and along the x axis in the external
flow, but in-flow in the external flow along the y axis
associated with ¢< 0. Thus the mass transfer causes outflow in
the inner layer despite the external pressure gradient. Clearly a
severe adjustment of the inner layer and external flow is
required in the case of c< 0.

Consider next additional terms in e derivable from Egs.
(6-8); the solutions for §;, i=1, ... are identically zero; Le.,
Z(7) =v- to all orders in €. The equations for f, (%), &, (),
etc., will be inhomogeneous equations subject to
homogeneous boundary conditions

fi(7=0)+c@;(7=0)=0, fi(ij=0)=/(7=0)

=fi(@=1) + & (i=7y) =0, i=12,..

A consideration of the consequent behavior at §=0 is
that fA(7=0)=@Xij=0)=0, i=12, ...; thus the values
of f7(7=0) and @;(7=0) provide the only estimate for
the wall shear parameters, namely f”(3=0)=ey”,
" (1=0) =ey”. ’

We now consider in more detail the behavior of the inner
solutions near §=17j,, since that behavior determines the outer
solutions; from Egs. (6) and (7) it is easy to find that for

ﬁsﬁl}:
'f.(}(ﬁ) = _V(ﬁ”_ﬁ) +A/11(77()_ﬁ) I+I”+...
B0 (7)) = —y(Go—ii) +B, Giy—7) "+ ... (13)

where for 0<c< i, O<n<l<m<2, n=2c/(1+c), m=2/
(I+c); thus there is a distinct difference in the second
derivatives of f, and @, near 7 =1j,, a difference which enters
into the treatment of the outer solution. We sketch the im-
plications of Egs. (13) in Fig. 1; qualitatively, f} () behaves
the same way for any 0< lcl < I and approaches its value y as
j—1, with zero slope. On the contrary the y-wise profile
&, (7) has an infinite slope at =1, for ¢# + /. Note that
this behavior is independent of v, i.e., it does not depend on
differences in density in the inner and outer flows, but occurs
for the case y=1 as well. Note further that for — I/ <c<0 the
sign of @, must be changed. As a consequence, for this range
of ¢, the definitions of the exponents # and m involve ¢
replaced by lIcl. The coefficients 4,, and B, can be deter-
mined from the solution for f;, () and &, (7).

It appears that in general, numerical analysis is required
to obtain solutions to Egs. (6) and (7), which now depend only
on two parameters, ¢ and y°. However, for the limiting cases
c=+1, we know™* that simple analytical solutions exist;
namely

Jo=c@o=-Y2+v7/257, ﬁ()ZV._[
which gives
foy =74, fi(m)y=v"
In addition, if ¢=0, then ¢,=0 and we have an analytic
solution for f,, namely
fo=—cosydi, y=(w/2)y"

which gives

FoG)y =vsinydi, f" () =7 cosyi
Thus the case ¢=0, excluded earlier, poses no special dif-
ficulties per se, but the drastic difference in the behavior for
¢’ <], ¢>0 and c< indicates that the cases c=0", 0~ are
significantly different.
Asymptotic Analysis — Outer Solutions

The outer solutions involve a thin layer which is removed
from the surface by the injection; thus a translated but un-
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Fig. 1 Schematic representation of the velocity distributions in the
inner layers, injection parameters ‘yz =0.1; —, prediction of asymp-

totic analysis.
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stretched coordinate, denoted #, is indicated. The origin of the
7 coordinate relative to 7-is somewhat uncertain and depends
on a series in e. In particular we let

f]=71"‘“ﬁ0/€—)\1 —e)\2+... (14)

where \; are constants to be determined in the course of the
analysis. Although we shall specify boundary conditions at
7 =0, the value of 7 corresponding to 4 =0 for a given e will
depend on the number of terms included in Eq. (14).

Because the outer layer is thin, the values of f, ¢, and g in
the outer layer are unscaled but for clarity are denoted as f, ¢,
and ¢. The equations therefor are Eqs. (2-4) with 4, f, ¢, and
g replaced by 4, f, ¢, and g. Continuing with the idea
of an approximate asymptotic solution, we consider series
solutions in terms of appropriate powers of e. Various con-
siderations, especially those reflecting matching with the inner
solutions near 7 <7, as given by Eq. (13), suggest

»

(#36) =fo () +¢f; @) + €7 f () +...

(i) =@ () +€"¢; () +...

§(e) =8o (M) (15)

It is illuminating to consider these expansions for limiting and
special cases of ¢; for c= x 1, m =n=1 and the second term in
the representation of f(#) and @(4) will be proportional
to e. In this case f; () and ¢, (4) will remove the discon-
tinuity in f"(§) =@"(4) %=7,. For ¢=0, n=0 and the
second term in each series is again proportional to ¢, denoted
f1(#),2;(#) in Egs. (15); however &, (4) will be found useful
in this case. For general ¢ it should be noted that ¢, () com-
pensates for the unpleasant behavior of @,(7) near §<7,
noted earlier (cf. Fig. 1).

The equations for £}, &,, and g, are actually Eq. (2-4), with
the previously described replacement of variables. We discuss
first cases where c# 0. The appropriate boundary conditions
are '

fy(i—o0) =@ (1~00) =g, (—00) =1

fo(1=0) +cpy (7= 0) =0 @6
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With Eqs (13) written in terms of the outer variables, the
usual matching procedure results in the additional conditions

lim (fy (#) +7(=7=X;)) =0

lim (¢, () +sgn(c)y(=H—A;)) =0

- 00

Hm (£, () —v?) =0 an

A0

A unique value for N\, is assured if one of the first two
equations is replaced by

lim (%o (4) +sgn(c)y(—n—X;)) =0
f— o0
The equation for ¢, (%) is found from Egs. (2-4), with the
variables replaced as discussed previously and the series given
by Egs. (15) substituted; collecting the e” terms, we obtain

S + (fo+Coy) ol +Cooby — 26050, =0 s)

One obvious boundary condition is @, (— o) = 0; the other
two arise from matching with &, (%) . Equation (13) gives the
condition

lim (¢, (4) —sgn(c)B, (=7 =A;)*") =0 (19)

f— =

where B, and \; are known from &, (7). To see if ¢,can
behave in the requisite fashion for large negative #, we must
consider the asymptotic behavior of Eq. (18); we find for
large —4

&l (7)) ~ Ce 5+ 1ehni? (_gy ml L D(—q)n (20)

where n=2lcl/(1+ Icl). Accordingly, if we supress the ex-
ponential terms, we can obtain the desired asymptotic
behavior of ¢, (#); we thus supplement Eq. (19) with the con-
dition which assures that appropriate power law behavior,
namely

(+n)g, () ) -0

im (43 + s
NN

; 1)

h— — o
Equations (19) and (20), plus the condition at n— oo, deter-
mine ¢, (7).

Consider now the case ¢=0. The appearance throughout
the preceding analysis of sgn(c) in @, (1) and ¢, (7) suggests
that ¢=01s special for the y-wise velocity distribution. In fact
the previous analysis is unaltered for fo (n) if c=0. However,
for ¢=0, ¢(n) to lowest order in e is strictly given by the
linear equation ¢” (§)+f,¢"=0 which is to be solved
subject to the boundary conditions

¢ (f—o) =1, lim ¢(7) =0

f——® N

If this solution is sought, we recognize discontinuous behavior
as ¢2~0, ie.,, as f——o for c¢=0*, 0, $~sgn(c)y
(—7%—X\;) compared to ¢~ 0 for c=0. However, we notice
that for c=0, n=0 and for the second of Eqs. (15) we can
consider that the combination ¢, +¢, gives this lowest order
solution. From this point of view it is convenient to compute
o (fi;¢=07,0). )

The next terms in the outer solutions, f, (%) and &, (1) ,are
given by homogeneous equations with the solution forced by
@0y €=07), &,(0; c=0%)=—¢,(#; ¢=0"), and with
boundary conditions readily given by our earlier con-
siderations involving sgn(c). Thus a convenient means for
determining the first-order solution for @(#; c¢=0) is
available.
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For the special cases c= + I, the second terms in ¢ are, e.g.,
fithe=D=¢,(i5c=1) =, (#;c=1)
Thus the procedures for calculating ¢, () when applied
to c= =1 yield the e-terms for that case and may be con-
sidered to remove the discontinuity in f7 (%), ¢, (7)) ati=7,.
Returning to the more general case of ¢#0, +1, we note

" that nonhomogeneous conditions at j— — oo arise from the

matching with f; (7,), &, (fi,) and give \,. For most pur-
poses the functions

o @), @), fo(7),00(R), €0 (), @, (@)
give a reasonable approximation to the exact solutions.

Asymptotic Analysis Concluded

From the approximate solutions for a particular cand 2, a
composite approximation for f(5), ¢(n), and g(4) can be
developed. Since the profiles are usually of most interest, we
doso for f (), ¢’ (n), g(n) and find

£y =fi(Gi=ne) +fo(h=n—T,/e=N\;) —y, 0<n=i,/e
=fo(h=n—Ag/e=N;), 1>7/e

¢’ (n) =goli=ne) +@o(A=n—1g/e=\;)
+em g (h=n—Tg/e=\;)

—sgn(c)y—e"B, (I +n) (F,/e—n)", O0=n=<fy/e

=¢6(';I=7I—770/€”)\/ ) +Gn¢;(fl=’7_’70/f_)\1)y n>7o/€
@2)

These equations apply as they stand for |nl <1, i.e., lcl<1;
for c=1, e terms in f(%), which have not been included, are
comparable to the e" terms in ¢(#), which have been
included. Thus for these special values of ¢, either the ¢” terms
in ¢’ (n) should be disregarded, or the obvious e” terms
should be added to f’ (n) sothat f' () =¢’ ().

The profiles of Eqs. (22) may be used to provide estimates
for the integral thicknesses defined by Egs. (5); in the interest
of brevity we do not give the resulting expressions.t We shall
present the crucial starting values,

£0(0), 8,(0), f5(0), £3(0), /5(0), &, (0), etc.,

so that a single forward integration will yield the complete
solutions.

Remarks on the Numerical Analysis

The numerical analysis of the several sets of equations to be
solved in this study involves boundary conditions at two or
more points, generally of nonlinear equations. Some of the
problems also involve special difficulties such as free boun-
daries, imposition of particular asymptotic behavior, etc. It is
unnecessary to go into the details of our treatment here. The
technique of quasilinearization has been employed to obtain
linear, first-order equations subject to iteration, The resulting
equations have been either treated in difference form, and
therefore in terms of matrix iteration, or solved in terms of
numerically obtained complementary and particular solutions
which are combined so that in each iterate all boundary con-
ditions are satisfied. Generally, careful attention is paid to
asymptotic behavior. The techniques used here follow closely
those presented in Refs. 9-11.

Results

The results are presented first in terms of the solution to the
full equations wherein we extend the previous calculations to

tlnterested readers may request from the author an extended report
version of this contribution with these and other details.
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Table1 Numerical values for solutions to full equations: g,, =y2=0.1,6=0.7
c (f+c¢)w 1’4’/ Sa;/;; g;v/(l"gw) AX Ay A Mo
1 0 0.8381 0.8381 0.6122 0.3090 0.3090 -0.0888 0
0.5 0.5267 0.5267 0.3786 0.3742 0.3742 -0.0960 0.950
1 0.2767 0.2767 0.1844 0.4607 0.4607 -0.1053 1.663
1.5 0.1136 0.1136 0.0502 0.5784 0.5784 -0.1217 2.673
2 0.0531 0.0531 0.0043 0.7392 - 0.7392 -0.1647 4.315
3 0.0333 0.0333 0.0000 1.1221 1.1221 -0.3329 7.894
075 0 0.7996 0.7686 0.5730 0.3293 0.3313 -0.0957 0
0.5 0.4898 0.4592 0.3406 0.4046 0.4062 -0.1043 1.063
1 0.2460 0.2195 0.1520 0.5079 0.5061 -0.1158 1.895
1.5 0.0965 0.0780 0.0331 0.6559 0.6400 -0.1388 3.150
2 0.0510 0.0386 0.0016 0.8645 0.8145 0.2004 5.146
3 0.0332 0.0250 0.0000 1.3386 1.2106 -0.4018 9.134
05 O0- 0.7595 0.6922 0.5317 0.3541 0.3591 -0.1066 0
0.5 0.4518 0.3858 0.3012 0.4426 0.4464 -0.1187 1.205
1 0.2154 0.1601 0.1198 0.5688 0.5612 -0.1363 2.197
1.5 0.0832 0.0472 0.0187 0.7601 0.7055 -0.1741 3.780
2 0.0502 0.0254 0.0005 1.0284 0.8751 -0.2660 6.133
3 0.0333 0.0167 0.0000 1.6098 1.2506 -0.5155 10.580
025 0 0.7178 0.6064 0.4883 0.3848 0.3949 -0.1265 0
0.5 0.4135 0.3049 0.2611 0.4906 0.4979 -0.1480 1.385
1 0.1869 0.1003 0.0901 0.6476 0.6240 -0.1832 2.582
1.5 0.0746 0.0219 0.0095 0.8938 0.7499 -0.2581 4.556
2 0.0498 0.0126 0.002 1.225 0.8712 -0.4011 7.187
3 0.0334 0.0084 0.0000 1.9122 1.1423 -.7334 12.082
0 0 0.675 0.505 0.423 0.443 0.443 -0.171 0
0.5 0.379 0.217 0.223 0.550 0.563 -0.224 1.60
1 0.165 0.042 0.067 0.740 0.674 -0.316 3.01
1.5 0.071 0.001 0.005 1.027 0.703 -0.485 5.24
2 0.050 0.000 0.000 1.4 ' 0.71 -0.705 7.95
Table2 Numerical values from solutions to the inner equations: g,, =y =0.1, 6 =0.7
¢ fo(0)  #0(0) ilo B
-1 -V -V 3.162 0.0500
0.75 -0.6127 -0.5164 3.598 0.622
0.5 -0.7536 -0.4929 4.115 0.0901
0.25 -0.9098 -0.3608 4.662 0.1667
0 ~1 —1 4.97 0.3162
Table3 Starting values for the outer solutions: g, =y? =1.0, ¢=0.7
¢ fo0)  Fo) HO) $0(0)  @5(0)  @5(0)  £(0) £5(0) ¢,(0) ¢7(0) $7(0) A
1 0 0.7326 0.2875 0 0.7326 0.2875 0.5924 0.3532 0.2158 -0.0293 0.0744 -1.179
0.75 0.0071 0.7356 0.2661 -0.0094 0.7291 0.2723 0.5924 0.3304 0.2693 -0.0361 0.0784 -1.262
0.5 0.0140  0.7388 0.2433 -0.0281  0.7232 0.2569 0.5922 0.3061 0.3673 -0.0512 0.0897 -1.372
0.25 © 0.0173  0.7422 0.2191 -0.0692  0.7121 0.2421 0.5917 0.2800 0.5729 -0.0893 0.1123 -1.529
0+ 0 0.7452 0.1938 -0.1800  0.6843 0.2304 0.5902 0.2521 0.7465 -0.1461 0.1067 -1.796
0" 0 0.7452 0.1938 1.314 0.3922 0.4436 0.5902 0.2521 -0.7465 0.1461 -0.1067 -1.796

large rates in injection. Qur principal interest in doing so is to
provide a gauge against which the asymptotic solutions can be
judged. We then present the results for the inner and outer
solutions and compare the predictions of the two analyses.

All the results are for a particular value of the enthalpy
ratio g,,=v2=0.1 and for a Prandtl number of 0.7, but a
range of values of the external flow parameter c and of the in-
jectionrate — (f,, +ceo,,).

Complete Solutions

In Table 1 we gave the principal results of our solutions of
the full equations. Although not directly comparable with the
earlier results of Libby,? they are fully consistent with them.
The main features to be discussed from these tables is that
with increasing injection there is a rapid increase in 74, in the
integral thicknesses, and a rapid decrease in the wall-shear
and heat-transfer parameters.

We show in Figs. 2a-c the profiles of the two velocity and
enthalpy distributions in terms of f' (n), ¢’ (1), g(y) for
¢=0.25, — (fuw+ce,)=2. Even for this rate of injection,
which must be considered modest in an asymptotic sense, we
see evidence of the main features of the boundary layer
suggested by the asymptotic analysis for those conditions;
specifically a relatively thick inner layer of constant com-
position, and a thin outer layer. The differences in the
behavior of f”(5) and ¢”(n) near the outer part of the thick
inner reation are also discernable.

Inner Solutions

In Table 2 we give the numerical results for the inner layers,
and- in Fig. 3 the velocity distributions in terms of fj(7),
&4 (%) ; we see the considerably different behavior of the two
profiles in general and the unpleasant behavior of ¢’ (7) near
=1, in particular.
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Fig. 2 The ‘profiles for —(f, +ce,)=3, ¢=0.25. a) The x-wise
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— — —. b) The y-wise velocity distribution. Exact solution
Asymptotic solution based on @4(f) +&4(3) — — —. Asymptotic
solution based on 2,G7) + (7)) + ¢, ) —~—.

Outer Solutions

Table 3 contains the numerical results for the outer
solutions in terms. of the values at 7 =0, needed to obtain by
forward integration the complete solutions, and of the values
of the translation parameter v,. Figures 4 shows the outer
solution velocity profiles in terms of f;(#), &4(%); Fig.5
does this for ¢, (7). Of particular interest in Fig. 4b are the
different profiles corresponding to c=0%, 0° with their dif-
ferent asymptotic behavior, &' (7— —o )=+, —7v, respec-
tively. :
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Fig. 3 The velocity profiles for the inner layers. a) The x-wise
distribution; b) The y-wise distribution.

Comparison of the Asymptotic and Exact Solutions

Comparison of the predictions of the asymptotic and exact
calculations is of interest, and we do so in several ways. On
Figs. 2a and 2b we add the results of the asymptotic analysis.
In Fig. 2a the x-wise velocity distribution corresponding to the
composite solution f;(#7) +f; () is compared to the exact
solution for e= 13, ¢=0.25, while in Fig. 2b two comparisons
with the exact calculation are possible: with @, (%) + &4 (%)

~ and with the addition of €¢**¢; (). Agreement is improved

with the additional term, not only in a gross sense but through
the removal of the sharp corner corresponding to the infinity
in @7 (7). ‘

If the various wall values and integral thicknesses as given
by the exact and asymptotic solutions are compared, we find
that for injection rates corresponding to e<'5 excellent
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ol
K everywhere outward in the inner layer. Thus significant
changes in the outer flow occur in the case of the nearly two-
2 dimensional stagnation point when small outflow changes to
small inflow in the external stream. '
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